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1 Introduction and Objectives

Sandia National Laboratories currently uses the Munson-Dawson model (also known as the
MD or Multimechanism Deformation model) (Munson et al., 1989) to simulate the thermo-
mechanical behavior of rock salt. While the MD model has its strengths, it currently

1. fails to capture the creep behavior at low equivalent stresses,

2. does not agree well with tri-axial creep experiments at multiple Lode angles,

3. needs improvements to its numerical implementation,

4. cannot model diffuse microstructural damage,

5. cannot model macroscopic fractures, and

6. cannot model healing (damage reduction).

This analysis plan outlines a path to resolve these shortcomings by modifying the model
in Sierra/Solid Mechanics. The analysis proposed herein will be used for Programmatic
Decisions, per NP 9-1 Analyses.

1.1 Current Munson-Dawson Model

The MD model has evolved over the years (Munson and Dawson, 1979, 1982; Munson et al.,
1989), so it is worthwhile to explicitly define the current model formulation before discussing
its shortcomings and how one might resolve them. Please note that a slightly different
notation is used than in previous presentations (Munson et al., 1989; Munson, 1997; Rath
and Argüello, 2012), but the equations are the same.

The MD model is an isotropic, hypoelastic, viscoplastic material model. The total strain
rate ε̇ is decomposed into an elastic strain rate ε̇el, a thermal strain rate ε̇th, and a viscoplastic
strain rate ε̇vp:

ε̇ = ε̇el + ε̇th + ε̇vp. (1.1)

(As is common in the geomechanics literature, compressive strains and stresses are treated
as positive.) The hypoelastic portion of the M-D model utilizes the following simple linear
relationship between the elastic strain rate ε̇e and the stress rate σ̇,

σ̇ = C : ε̇el (1.2)

C = (B − 2/3µ) I ⊗ I + 2µI, (1.3)

where C is the fourth-order elastic stiffness tensor composed of the bulk modulus B, the
shear modulus µ, the second-order identity tensor I, and the forth-order symmetric identity
tensor I. The thermal strain portion of the model is simply

ε̇th = α Ṫ I (1.4)
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where α is the coefficient of thermal expansion, and T is the temperature. The viscoplastic
portion of the model captures the stress, time, and temperature dependence of plastic de-
formation. Plastic deformation of intact salt is isochoric and only occurs in the presence of
shear stress. The M-D model’s measure of shear stress is the Tresca equivalent stress

σ̄ = max (|σ1 − σ2|, |σ2 − σ3|, |σ3 − σ1|) , (1.5)

where σi are the principal stresses. The viscoplastic strain evolves according to an associated
flow rule

ε̇vp = ˙̄εvp ∂σ̄

∂σ
, (1.6)

where ˙̄εvp is the equivalent viscoplastic strain rate. It can be decomposed into two compo-
nents

˙̄εvp = ˙̄εtr + ˙̄εss, (1.7)

where ˙̄εtr is the transient equivalent viscoplastic strain rate and ˙̄εss is the steady state equiv-
alent viscoplastic strain rate.

The steady state behavior is modeled as a sum of three mechanisms, each of which vary
with stress and temperarture:

˙̄εss =
3∑
i=1

˙̄εss
i , (1.8)

where

˙̄εss
1 = A1 exp

(
− Q1

RT

) (
σ̄

µ

)n1

, (1.9)

˙̄εss
2 = A2 exp

(
− Q2

RT

) (
σ̄

µ

)n2

, (1.10)

˙̄εss
3 = H(σ̄ − σ̄0)

[
B1 exp

(
− Q1

RT

)
+B2 exp

(
− Q2

RT

)]
sinh

(
q

(σ̄ − σ̄0)

µ

)
. (1.11)

The variables Ai, Bi, Qi, ni, σ̄0, and q are all model parameters. All three mechanisms have
an Arrhenius temperature dependence, where Qi is an activation energy and R = 8.314 J/(K
mol) is the universal gas constant. The first mechanism Eq. (1.9) is meant to capture
dislocation climb, which dominates at high temperatures and low equivalent stresses. The
second mechanism Eq. (1.10) dominates at low temperatures and low equivalent stresses.
The micro-mechanical cause for the second mechanism is unknown, but cross-slip has been
recently suggested (Hansen, 2014). Regardless, the macroscopic behavior corresponding to
the second mechanism has been well characterized. The third mechanism Eq. (1.11) models
dislocation glide, which is only activated when σ̄ exceeds σ̄0, as reflected in the heaviside
function H(σ̄ − σ̄0).

The transient behavior is somewhat more complex than the steady-state because it in-
volves an ordinary differential equation rather than the simple functional forms in Eqs. (1.9)
to (1.11). During work hardening, ε̄tr approaches the transient strain limit ε̄tr∗ from below,
and the creep strain rate slows down over time. (See Section 1.3.1 in Reedlunn (2016) for an
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example.) During recovery, ε̄tr approaches ε̄tr∗ from above, and the creep strain rate speeds
up over time. The value of ε̄tr∗ varies with temperature and stress as,

ε̄tr∗ = K0 exp(c T )

(
σ̄

µ

)m
, (1.12)

where K0, c, and m are parameters to be calibrated against experimental results. The rate
that ε̄tr approaches ε̄tr∗ is governed by

˙̄εtr = (F − 1) ˙̄εss, (1.13)

where the proportionality (F − 1) depends on whether the material is work hardening or
recovering. These two behaviors are captured in the following equations

F =


exp

[
κh

(
1− ε̄tr

ε̄tr∗

)2
]

ε̄tr ≤ ε̄tr∗

exp

[
−κr

(
1− ε̄tr

ε̄tr∗

)2
]

ε̄tr > ε̄tr∗.

(1.14)

The quantities κh and κr control how quickly the transient equivalent viscoplastic strain
approaches the transient limit for a given ˙̄εss. These quantities vary with equivalent stress
as,

κh = αh + βh log10

(
σ̄

µ

)
, (1.15)

κr = αr + βr log10

(
σ̄

µ

)
, (1.16)

where αj and βj are model parameters.

1.2 Shortcomings of the Munson-Dawson Model

This section will review some of the shortcomings of the MD model, as implemented in
Sierra/Solid Mechanics.

1.2.1 Creep at Low Equivalent Stresses

As previously mentioned, the MD model was recently used to simulate Room D, and the
simulation under predicted the vertical closure by 3.1× at 3.7 years (Reedlunn, 2016). Sev-
eral causes for the under predictions have been proposed, but the failure to capture the
creep behavior at low equivalent stresses is near the top of the list. Figure 1.1 compares
experimental measurements of the steady-state strain rate and transient strain limit against
a calibration of the MD model (Cal 1B) at various equivalent stresses and temperatures.
The experimental measurements at T = 60 ◦C exhibit what appears to be bi-linear behav-
ior, changing slope at about σ̄ = 8 MPa. Higher than expected ˙̄εss values at low equivalent
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Figure 1.1: Calibration 1B compared against experiments (Reedlunn, 2016).

stresses have been previously observed (Bérest et al., 2005, 2015), but these are the first
measurements of ε̄tr∗ values at low equivalent stresses. A new micro-mechanical mechanism
for creep may be activated at these low equivalent stresses. (In fact, an attempt to identify
the mechanism is planned under Test Plan 17-04 “Microstructural Investigations on Natural
and Laboratory Tested Salt” (Mills, 2017).) The M-D model in its present form is incapable
of capturing this bi-linear behavior. One could combine steady-state strain rate mechanism
1 and mechanism 2 (Eqs. (1.9) and (1.10)) to model the low and high equivalent stress
regimes, but then mechanism 1 would not be available for modeling dislocation climb at
high temperatures. More importantly, the transient strain limit relation (Eq. (1.12)) simply
cannot capture both low and high equivalent stress regimes.

1.2.2 Equivalent Stress Measure

The MD model originally used a von Mises equivalent stress, without any facets or sharp
corners, but the equivalent stress measure was changed to Tresca in Munson et al. (1989). As
shown in the π-plane plot in Fig. 1.2, the maximum difference between these two equivalent
stress measures is only 15.5 %, so one might not expect a large impact on room closure. This
difference, however, gets amplified by the exponents in Eqs. (1.9) to (1.12). For example,
typically n2 ≈ 5, so a 15.5 % increase in σ̄ causes a 2.05× increase in ˙̄εss

2 . Munson et al. (1989)
justified the switch to the Tresca equivalent stress by inspecting measurements on hollow
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cylinders of Avery Island rock salt subjected to axial compression, internal pressurization,
and external pressurization1. Controlling these three stresses allowed the experimentalist
to vary the Lode angle and measure the resulting strains. The Tresca equivalent stress
matched the experimental results better than the von Mises equivalent stress, but the ex-
perimental data suggests a more accurate representation is somewhere in-between the two
stress measures: a hexagonal type shape without sharp corners.

σ1 σ2

σ3

von Mises

Tresca

Figure 1.2: Tresca and von Mises equivalent stress surfaces compared.

1.2.3 Numerical Robustness

The Room D study also revealed that the three implementations of the MD model in
Sierra/Solid Mechanics have numerical issues. The three implementations are called the
munson_dawson model, the md_creep model, and the implicit_wipp_crushed_salt model.
(The implicit_wipp_crushed_salt model is actually an implementation of the Callahan
model for crushed salt (Callahan, 1999), but it reduces down to the MD model when the
density matches that of intact salt.) The munson_dawson model integrates the ordinary dif-
ferential equations explicitly using the forward Euler method (Weatherby et al., 1996). When
the host finite element code calls the munson_dawson model, the munson_dawson model uses
the supplied rate of deformation and supplied time step to calculate a critical time step. If
the supplied time step is less than the critical time step, then explicit integration can proceed
without numerical instabilities. If the supplied time step is larger than the critical time step,
then the model sub-divides the time step into smaller time steps equal to or less than the
critical time step so it can explicitly integrate through the sub time steps. This approach is
acceptable if the deformation increment is sufficiently small, but the host finite element code

1Munson et al. (1989) cites a manuscript titled “Multiaxial Creep of Natural Rock Salt” submitted to
the International Journal of Plasticity in 1989 for the full experimental details on the hollow cylinder tests.
It appears this particular manuscript was never published. Mellegard et al. (1992), however, contains the
hollow cylinder results Munson et al. (1989) refers to.
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infrequently will supply a large rate of deformation to a material point. If the latter happens,
the munson_dawson model will compute an extremely small critical time step relative to the
supplied time step, resulting in excessively long computation times. Simulations can “stop”
for hours while the problematic material point integrates the constitutive equations. The
md_creep and implicit_wipp_crushed_salt models avoid the extremely small critical time
step issue by using an implicit, backward Euler, scheme to integrate its constitutive equa-
tions. In practice, the md_creep and implicit_wipp_crushed_salt models often finished
simulations faster than the munson_dawson model, but the implicit algorithm struggled to
converge, causing numerous time step cut backs. The precise causes for the convergence
failures have not been tracked down, but the faceted shape and sharp corners of the MD
model’s Tresca equivalent stress (see Fig. 1.2) are probably important.

1.2.4 Damage, Fracture, and Healing

The current MD model can only model elastic and viscoplastic deformation. Salt, how-
ever, can also develop microcracks that reduce its load carrying capacity and increase its
permeability to fluid flow. Microcracks (also known as damage) form due to viscoplasticity
under low confinement conditions, which often occurs to the salt surrounding a drift. If
left unchecked, microcracks will eventually coalesce into macrocracks. Under high confine-
ment condtions, however, the microcracks will heal due to pressure solution redeposition.
An accurate prediction of damage, fracturing, and healing helps simulate the waste encap-
sulation process, the effectiveness of the seal systems, and the structural performance of
the repository. The Munson-Dawson-Chan-Fossum model (also known as the MDCF or
Multimechanism Deformation Coupled Fracture model) was developed to add damage, frac-
turing, and healing to the MD model (Chan et al., 1998), but it was never implemented in
Sierra/Solid Mechanics, so the MD model remains the starting point herein.

2 Approach

The initial modifications to the MD model will probably be the creep at low equivalent
stresses, the equivalent stress definition, and the numerical implementation. Once these
more limited issues have been satisfactorily resolved, the focus can shift to capturing dam-
age, fracturing, and healing. All modifications will be clearly documented, including the
numerical implementation.

2.1 Initial Modifications

2.1.1 Creep at low equivalent stresses

The creep at low equivalent stresses will likely be captured by simply adding new terms to
the steady state strain rate and the transient strain limit. Unless new information on the
micromechanism behind creep at low equivalent stresses comes to light, the new terms will
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probably be similar to the existing terms. For example, a new steady-state term of the form

˙̄εss
0 = A0 exp

(
− Q0

RT

) (
σ̄

µ

)n0

(2.1)

may be added to the sum in Eq. (1.8), and a new transient strain limit of the form

ε̄tr∗ =
1∑
i=0

Ki exp(ci T )

(
σ̄

µ

)mi

(2.2)

may replace Eq. (1.12). These new terms should make the MD model flexible enough to
capture the experimental measurements shown in Fig. 1.1.

2.1.2 Equivalent stress measure

The equivalent stress measure will be changed from Tresca to something that improves
predictions of true tri-axial creep experiments. One stress measure under consideration is

σ̄ =

{
1

2
[|σ1 − σ2|η + |σ2 − σ3|η + |σ1 − σ3|η]

}1/η

, (2.3)

where 1 ≤ η ≤ ∞. This definition for σ̄ was proposed by Hosford (1972) because it en-
compasses the Tresca stress (η = 1 or ∞), the von Mises stress (η = 2 or 4), and a range
of behaviors in between. The exponent η will most likely be calibrated against the hollow
cylinder experiments in Mellegard et al. (1992).

2.1.3 Numerical Robustness

Numerical robustness should be improved by avoiding the sharp corners of the Tresca equiva-
lent stress measure, but the algorithm for integrating the equations plays a large role as well.
Explicit algorithms perform well when small strain increments are applied to the model,
while implicit algorithms are supposed to fare better with large strain increments (see Sec-
tion 1.2.3). The fastest approach might be to integrate the equations explicitly for small
strain increments and integrate them implicitly for large strain increments, but it might be
sufficient to simply implement a robust implicit algorithm.

Scherzinger (2016) recently compared the classic Newton algorithm with a Line Search
algorithm for integrating the rate independent plasticity equations. Scherzinger (2016) used
the equivalent stress given by Eq. (2.3) with η = 6, 8, and 100. These values of η caused the
equivalent stress surface to be a hexagon with highly rounded corners, a hexagon with mod-
erately round corners, and a hexagon with sharp corners. The Newton algorithm converged
if the trial stress state was near the equivalent stress surface, but it’s performance rapidly
deteriorated with increasing trial stress and/or increasing η. The Line Search algorithm, on
the other hand, converged in all cases.
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2.2 Larger Modifications

Damage, fracturing, and healing are viewed as involved extensions to the MD model. Conse-
quently, the published literature will be surveyed to determine an appropriate way to capture
these phenomena. In addition to exploring the available experimental data, existing models
will be studied for inspiration. Some of the models under consideration include the MDCF
model (Chan et al., 1998), the Composite Dilatancy Model (Hampel, 2015), the Günther-
Salzer model (Günther and Salzer, 2012), and the Lux/Wolters model (Blanco-Mart́ın et al.,
2016).

3 Software List

Commercial off-the-shelf (COTS) software may be used in the development of the analysis
report including, but not limited to Access R©, Excel R©, Grapher R©, Kaleidagraph R©, MATHE-
MATICA R©, MATHCAD R©, MATLAB R©, or Python running on workstations. The use of
any COTS application will be documented and verified per Nuclear Waste Management
Procedure NP 9-1, Section 2.2 as appropriate. Acquired software, including Sierra Mechanics,
Dakota, and Cubit, may also be used in the development of the analysis report.

4 Tasks

The tasks, responsible personnel, and estimated task schedule are summarized in Table 4.1.
The completion date and responsible individuals may change in the future.

Table 4.1: Task list and estimated schedule

Task Description Guiding
Document

Approximate
Completion
Date

Responsible
Individuals

1 Implement the modifications
listed in Section 2.1 and docu-
ment them in an Analysis Re-
port

AP-179,
NP 9-1

31 JAN 2018 Benjamin
Reedlunn

2 Implement the modifications
listed in Section 2.2 and docu-
ment them in an Analysis Re-
port

AP-179,
NP 9-1

31 JUN 2018 Benjamin
Reedlunn

5 Special Considerations

None
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6 Applicable Procedures

All applicable WIPP Quality Assurance procedures will be followed when conducting these
analyses.

• Training of personnel will be conducted in accordance with the requirements of NP 2-1,
Qualification and Training.

• Analyses will be conducted and documented in accordance with the requirements of
NP 9-1, Analyses.

• All software used will meet the requirements laid out in NP 19-1, Software Requirements
and NP 9-1, as applicable.

• The analyses will be reviewed following NP 6-1, Document Review Process.

• All required records will be submitted to the WIPP Records Center in accordance with
NP 17-1, Records.

• New and revised parameters may be created as discussed in NP 9-2, Parameters.
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